In order to classify modified gravity models according to their physical properties, we analyze the cosmological linear perturbations for f (R, G) theories (R being the Ricci scalar and G, the GaussBonnet term) with a minimally coupled perfect fluid. For the scalar type perturbations, we identify in general six degrees of freedom. We find that two of these physical modes obey the same dispersion relation as the one for a non-relativistic de Broglie wave. This means that spacetime is either highly unstable or its fluctuations undergo a scale-dependent super-luminal propagation. Two other modes correspond to the degrees of freedom of the perfect fluid, and propagate with the sound speed of such a fluid. The remaining two modes correspond to the entropy and temperature perturbations of the perfect fluid, and completely decouple from the other modes for a barotropic equation of state. We then provide a concise condition on f (R, G) theories, that both f (R) and R + f (G) do fulfill, to avoid the de Broglie type dispersion relation. For the vector type perturbation, we find that the perturbations decay in time. For the tensor type perturbation, the perturbations can be either super-luminal or sub-luminal, depending on the model. No-ghost conditions are also obtained for each type of perturbation.
I. INTRODUCTION
Many modified gravity theories have been introduced in order to explain the acceleration of the universe [1] . In particular, the first working model of inflation-the Starobinsky model [2] -made use of such modifications that should somehow appear in any effective Lagrangian for gravity. These modifications are usually considered to be negligible at low energies. Yet, we do not know much about the reference scale for gravity. Indeed, there might be two fundamental scales defined by the Planck mass and the cosmological constant. At this level of ignorance, people have considered models of dark energy that change only the gravity sector. It amounts to substitute general functions of the Riemann tensor for the Einstein-Hilbert R term in the action [3] [4] [5] [6] .
If we consider such a departure from the single R term to be responsible for dark energy, it should become important only at late times. But if its contribution to the action becomes stronger and stronger as time passes by, the full Lagrangian has to be considered as the fundamental one with its own particle content. This implies for example that f (R) theories indeed possess an extra scalar propagating field [7] .
Along these lines attempts based on the other non-zero Lovelock scalar, the Gauss-Bonnet combination G, also appeared. In the so called Gauss-Bonnet theories, the Lagrangian for gravity reads L = R + f (G) [8] . Recently a paper [9] showed the presence of classical matter instabilities in such models, ruling them out as a sensible theory for gravity and dark energy. Yet, in addition to f (R) and R + f (G) theories, one still has the freedom of introducing the most general Lovelock modification of gravity, that is L = f (R, G). Naively, one may expect that the stable perturbation behavior of f (R) can overcome the unstable behavior of f (G). However, the story is not so simple. For the vacuum case (i.e., absence of matter), it was shown in [10] that if the theory gives a non-vanishing f RR f GG − f then the nature of scalar perturbations qualitatively differs from the one for a class of theories to which f (R) and R+ f (G) belong. The study was extended to a system where a single scalar field is (not necessarily minimally) coupled to gravity and similar results were obtained [11] .
It is necessary to develop theoretical and experimental tools to disentangle all these alternative theories of gravity. We believe they should be classified according to some physical properties. In this paper we argue that the high-k modes behavior, i.e. their scale dependent speed of propagation, in the presence of a perfect fluid (not only in vacuum as in [10] ) can provide such a key physical feature according to which the various theories of gravity can be classified.
The scope of this paper is to develop the cosmological linear perturbation theory [12] for the general f (R, G) theories in the presence of a perfect fluid. In particular we will find conditions in order to remove ghosts [13] -by imposing the kinetic operator for the fields to be positive definite-and Laplacian instabilities sourced by a negative squared speed for the propagating fields. Clearly, this study is relevant since our universe contains matter components which are well described by a perfect fluid. Therefore, the results obtained in this paper not only reveal the theoretical structure of the model but are also useful for the purpose of constraining modified gravity theories from observations of the cosmic structures.
In section II we introduce the action and write down the background equations of motion. Linear perturbation theory for the scalars are discussed in Section III. Vector and tensor modes are discussed in Sections IV and V respectively. Our conclusions are given in Section VI.
II. THE ACTION
The action we study is given by
where G is the Newton constant and p is the pressure of a perfect fluid characterized by a chemical potential (µ) and an entropy per particle (s). The four-velocity of the perfect fluid is given by potentials,
where ℓ, θ, A and B are all scalar quantities. The action (1) for a perfect fluid has been introduced in [14] , and its application to the cosmological perturbations for a single perfect fluid within General Relativity(GR) has been developed in a recent paper [15] . The fundamental fields that should be variated to derive the equations of motion are g µν , ℓ, θ, A, B and s (µ is written in terms of these fundamental fields by using the normalization condition u µ u µ = −1). The variation with respect to g µν yields the gravitational field equations:
where Σ µν is the effective energy momentum tensor defined by
In Eq. (4), V ≡ F R + ξ G − f (R, G), and
Meanwhile, the variations with respect to ℓ, θ, s, A and B, with a help of the first law of thermodynamics dp = ndµ − nT ds (n being the number density and T , the temperature), yield the following equations of motion:
The first equation represents the conservation of the particle number and the second one, the conservation of the entropy. From Eqs. (6) and the relation ρ = nµ − p, we can derive the standard energy-momentum conservation [14] :
Before going to the linear perturbation theory, let us first derive the evolution equations for the Friedmann-Lemaître-Robertson-Walker(FLRW) flat universe whose metric is given by
with u µ = (1, 0, 0, 0), the four-velocity and H =ȧ/a, the Hubble parameter. In a FLRW universe, all the physical variables for a perfect fluid depend only on the cosmic time t:
On the other hand, the velocity potentials can depend on the spatial coordinates:
where A, B andθ are arbitrary functions leading to equivalent physical backgrounds consistent with homogeneity and isotropy. We will take advantage of this freedom to simplify our perturbation studies. In a FLRW flat universe, the gravitational field equations (3) reduce to
and allow us to remove respectively V andF in all the remaining calculations. The continuity equationρ+3H(ρ+p) = 0 is a direct consequence of the previous two equations. Indeed,
with
/dt a total derivative with respect to time, as it should be.
III. SCALAR MODES
For the scalar gravity perturbations, we expand the metric as
For the scalar matter perturbations, we introduce δℓ, δθ, δs, δA and δB and consider the simplest solution for A, B andθ, namely
With this particular choice, the scalar velocity perturbation defined by δu i = µ −1 ∂ i v is related to the potentials introduced in Eq. (2) as v = δℓ + θ(t) δs. Therefore we also have that δT 0 i = n ∂ i v. To study the perturbation dynamics, we have to expand the action at second order in the fields. As it is well known, the perturbation variables are not necessarily dynamical fields and we can reduce the second order action by eliminating the auxiliary ones. After integrations by parts, one is left with a Lagrangian that contains only gauge invariant fields and the action for the perturbations can be written as follows
with ǫ ab = −ǫ ba and ǫ 12 = 1. In Eq. (17), we named
The reduced action (17) whose coefficients are given in appendix A contains six fields : V 1 , V 2 , δs, δθ M , δA and δB. Among them, δA and δB completely decouple from the other fields. We can also see that δA and δB do not contribute to the four-velocity (see Eq. (2)) since A = B = 0 at the background level. Therefore, they never affect physical quantities and can be neglected in the following.
While V 1 and V 2 have terms that are quadratic in their time derivatives, δs and δθ M have only terms that are linear in their time derivatives. By taking a variation with respect to δθ M , we find that δs is a constant of motion, δs = δs( x). This fact implies that in the equations of motion for the remaining fields, it should be considered as a source. The variation for δs gives the dynamics of δθ M as follows
The equation of motion for V a becomes
Since there is no coupling between δθ M and φ M or v M , we can first solve the equations of motion for the two latter fields. Substituting the obtained solution into Eq. (21), we can eventually determine the time evolution of δθ M . For a perfect fluid of barotropic equation of state p = p(ρ), we find that the entropy perturbation δs decouples from the other modes in the action (17) (see appendix B, case I) such that V 1 and V 2 form a closed set of evolution equations. For p = p(T ) and f RR f GG − f 2 RG = 0, then we have instead K = 0, and there is no quadratic term for the entropy perturbation in the action (17) (see appendix B, case II).
A. Dispersion relation
Dispersion relations are necessary in order to understand the Laplacian instabilities for the perturbations. So let us derive them for the short wavelength modes for which the time evolution of the background universe can be neglected. We find that both B and D 11 factors are proportional to the combination (see appendix A):
The qualitative behavior of the perturbations crucially depends on this quantity. Indeed, let us first assume that the modified gravity theory satisfies ∆ = 0. In this case, after performing a Fourier transformation, Eq. (22) can be approximated, for large k's, as
From this equation, we can derive the dispersion relations for four modes. The dispersion relation for the first two modes is given by
This is exactly the same relation as the one for the non-relativistic de Broglie wave. For the other two modes, the dispersion relation is instead given by
So, we have two propagation speeds, defined as the group velocity a∂ω/∂k, whose squared expressions are given by
The Eq. (27) is obviously model dependent and can be used to constrain gravity models. Here we want to point out that the first two modes have a k-dependent c 2 1 , a feature that does not exist in GR and in modified gravity theories such as f (R) and R + f (G). This feature only appears in the general modified gravity theories f (R, G) with ∆ = 0, and affects only the scalar perturbations. The dispersion relation for those modes has been derived for the vacuum case in [10] , and its expression exactly coincides with Eq. (27). The only difference is the change in the background expansion of the universe due to the existence of a perfect fluid. This result was expected because a minimal coupling of matter to gravity should not affect the high-k regime. As discussed in detail in [10] , Eq. (27) shows that, for short wavelength modes, either the propagations become super-luminal if c 2 1 is positive or the spacetime becomes very unstable if c 2 1 is negative. Here we have explicitly confirmed that the inclusion of a perfect fluid does not alter the nature of this physical property at all, i.e. we still have either a super-luminal propagation or a spacetime instability if ∆ = 0. Among these two characteristics, the second property might be inconsistent with a viable cosmology and, for this reason, could be used to rule out models with ∆ = 0. The first property, the superluminal propagation, is not a problem per se as it does not directly violate causality on the cosmological FLRW background. However it indicates that the UV completion of the theory may not be Lorentz invariant [16] . We conclude that f (R, G) modified gravity theories can indeed be classified according to some physical properties: if ∆ = 0, one propagation speed is scale-dependent (c 1 ∝ k 1 ); if ∆ = 0, the propagation speeds are all scale-independent. So direct observations might disentangle them.
The other two modes having a squared speed of propagation c 2 2 represent the propagation of scalar perturbations arising from the perfect fluid. Because of its minimal coupling, the propagation nature of a perfect fluid is not affected by the modification of gravity. The remaining two modes only change on cosmological time scale, i.e. ω 2 ∝ k 0 , as shown in the appendix C.
Let us now consider the subset of theories for which the condition ∆ = 0 is fulfilled. It is obvious that both f (R) and R + f (G) theories belong to this class. As shown in [10] , however, there is an infinite number of other f (R, G) theories that belong to this class. If ∆ = 0, then the B and D 11 terms vanish in Eq. (24). Thus we expect that the ultra-violet behavior drastically changes, and the de Broglie type dispersion relation should be modified. To see this explicitly, let us solve the resulting evolution equations for large k's:
We find that the modes propagate with speeds given now by
In the case of f (R) theories, ξ = 0 and we recover the well-known result c 2 1 = 1. Theories which are supposed to lead to dark energy at late times need to reduce to GR at early times. In this case one typically has f GG H 6 ≪ 1 and f RR H 2 ≪ 1 [4, 8] , so thatḞ andξ can be considered as corrections with respect to other GR-like leading terms. In this limit, the expression for c 
When this happens, also the background is GR-dominated and 2Ḣ ≈ −3(1 + p/ρ)H 2 , so that
IfḞ ≪ 4H 2ξ , we are in the Gauss-Bonnet gravity regime, for which evidently the squared speed of propagation becomes in general negative. This result, applied to the R + f (G) theory, confirms the one found in [9] . IfḞ ≫ 4H 2ξ , then we are in the f (R) regime for which c 2 1 ≈ 1. Therefore, one has to require these theories to be closer to the f (R) regime rather than to the Gauss-Bonnet one.
B. Ghost conditions
Once we imposed the speed of propagation to be positive, one should also make sure that the modes are not ghostlike. This is achieved by demanding the matrix A to be positive definite. For that purpose, one starts with a simple field redefinition
In this case, the kinetic matrixÃ for the fields W 1,2 diagonalizes intõ
and the additional conditions to impose are
where J is defined in appendix A. There is an extra no-ghost condition
that can be derived once the field δs is also integrated out (see appendix C). It amounts to impose a negative coefficient for δs 2 in the action (17).
IV. VECTOR MODES
The vector modes treated from an action point of view were discussed for General Relativity in [15] . Along the same lines, we find here the action for the vector modes in f (R, G) theories. As for the metric, we introduce two vector fields such that g 0i = −a G i and g ij = a 2 (C i,j + C j,i ). We define then the divergence part of the perturbed 3-velocity, δu i of the perfect fluid as u V i . In terms of the gauge invariant V i = −(G i + aC i ), and fixing the gauge δB = 0, we find the following action
The variations of this action with respect to the fields V i and C i lead respectively to
This result implies that u V i is a decaying mode, and so is V i , in general. Using a Fourier decomposition for all the fields, and integrating out both u V i and V i , one obtains the following action
where
Consequently, in order not to have ghosts for any value of k, one needs to impose the condition
V. TENSOR MODES These modes are the easiest ones to study, as no contributions arise from the new scalars degrees of freedom and the perfect fluid matter Lagrangian. In this case the action for the H ij modes, with H ij ,j = 0 = H i i , can be written after decomposing them into the two polarization modes ǫ ⊗ , ǫ ⊕ . Calling A ⊗ and A ⊕ their corresponding amplitudes, one finds
and a similar action for A ⊕ . Therefore the no-ghost condition coincides with the one given by the vector modes. However, these modes do propagate and their speed of propagation reduces to
This is an independent condition, which implies the classical stability of the spin-2 metric perturbations.
VI. CONCLUSIONS
We have developed the linear cosmological perturbations for f (R, G) theories where a perfect fluid is minimally coupled to gravity.
For the scalar type perturbation, we found that there are in general six degrees of freedom. Two modes out of six, which do not exist in GR and appear only in modified gravity theories, represent the gravity perturbations. If f RR f GG = f 2 RG , these modes obey a dispersion relation which is the same as the one for the non-relativistic de Broglie wave: ω 2 = L(t)k 4 . Correspondingly, the perturbations either propagate with super-luminal speeds if L(t) is positive or are highly unstable if L(t) is negative on small scales. The apparent expression of L(t) exactly coincides with the vacuum case given in [10] . This result is sensible as a minimally coupled perfect fluid cannot affect the nature of the de Broglie type dispersion relation which solely comes from the modification of gravity. The other two modes represent density and velocity perturbations of a perfect fluid, which propagate with a sound velocity c 2 s =ṗ/ρ, just as in GR. The remaining two modes represent the entropy and temperature perturbations of a perfect fluid. These modes completely decouple from the other modes for a perfect fluid with a barotropic equation of state.
For the vector type perturbation, we found that the perturbations decay in time, which is the same as in GR. For the tensor type perturbation, the perturbations can be either super-luminal or sub-luminal, depending on the model. We found that both perturbations must fulfill the same no-ghost condition.
The advantage of the action approach presented here is that we can determine the sign of the kinetic terms for the perturbation variables. The kinetic terms must be positive to avoid ghost, which put another constraint on f (R, G) theories. We found all the no-ghost conditions for the modes. These conditions must be satisfied as well as the stability conditions for the perturbation squared speeds in order to construct viable f (R, G) theories.
Appendix B: Useful relations for perfect fluids on a FLRW background For a perfect fluid we have the first principle of thermodynamics-together with two equations of state n = n(µ, s) and T = T (µ, s)-written as dp = ndµ − nT ds .
Consequently, if p = p(µ, s) we have the following useful relations:
and, by analyticity,
In a FLRW universe,ṡ = 0 implies thatμ =ṗ/n .
By differentiating the identity
and using Eq. (B4) together with the conservation of the particle number (n = N/a 3 ), one then recovers the continuity equationρ
These relations are quite standard. Let us consider now four limiting cases in f (R, G) theories.
Case I:
The combination Γ 5 = (ρ + p)Ṫ −ṗT appears many times in the coefficients of the action (17). In particular, δs is no longer coupled to V 1 when Γ 5 vanishes. So, it is instructive to understand for which perfect fluids it vanishes, i.e.,
since T = T (µ, s) withṡ = 0 on the FLRW background. The Eqs. (B4) and (B5) imply then that
For a system with two thermodynamical degrees of freedom, this condition is equivalent to having a barotropic equation of state. Indeed, if µ = µ(ρ, s) and ρ = ρ(µ, s), we have 
Using now Eq. (B9), we eventually find
so that (∂p/∂s) ρ = 0, or, equivalently, p = p(ρ). This last statement is a consequence of Eq. (B1), when we change the two independent variables from (µ, s) to (ρ, s). After doing this, one should consider µ = µ(ρ, s), and the first law of thermodynamics implies (∂p/∂s) ρ = n[(∂µ/∂s) ρ − T ]. From Eq. (A16), we obtain C 23 = −2nf (s) such that the conservation of the particle number N = a 3 n together with the conservation of the entropy per particle s imply ∂ t (a 3 C 23 ) = 0. Consequently, the field δs decouples from both V 1 and V 2 in the action (17). Indeed, C 13 defined in Eq. (A15) and m 23 defined in Eq. (A17) also vanish if Γ 5 = 0.
It is also useful to understand for which equations of state the coefficient K for δs 2 vanishes, at least in the ∆ = 0 consistent case. This happens for
or, equivalently,
if, again, the system has two degrees of freedom, i.e., if T = T (µ, s). The solution
implies that dp = ndµ − nT ds = n[s + g
In order that dp be an exact differential we need then to impose that
so that we finally find (∂p/∂s) T = 0, or, equivalently, p = p(T ).
Case III:
There is an equation of state for which both K and Γ 5 vanish, even when ∆ = 0. This case corresponds to f (s) = 1 s+c and g(T ) = cT (c is a constant). In this case we find that
and ρ = ρ(T ) since p = p(ρ) and p = p(T ). A radiation fluid fulfills these properties.
Case IV: ideal gas with ∆ = 0
It is also interesting to derive K and Γ 5 for a classical monoatomic ideal gas. The thermodynamical quantities for this case are given by
where m is the mass of an atom. We have used the Sackur-Tetrode equation for a monoatomic atom. The energy density ρ is calculated from the identity µn = ρ + p. Assuming a model satisfying ∆ = 0, we find that K and Γ 5 are written as
Since T > 0, we have K > 0, so that no ghost appears for an ideal gas, as expected from our real experience.
Appendix C: Eliminating the auxiliary field
Let us integrate out δs from the action. In that case, δθ M gets a kinetic term quadratic in its time derivative. It is then useful to define a new variable
which can be considered as a redefinition for δθ M . Keeping only the relevant higher order terms in k, the action (17) becomes
where now both a and b run from 1 to 3, and A ab , F ab , D ab and L ab are all 3 × 3 matrices given by 
and all the other quantities have already been defined in the appendix A. The corresponding dispersion relation is obtained from an eigenvalue equation
This is 6-th order algebraic equation for ω. Using the above equations, we confirm that two solutions coincide with ω 1 given by Eq.(25) and the other two solutions coincide with ω 2 given by Eq.(26). We also check that the remaining two solutions are independent of k, which means that these modes evolve only on the cosmic time scale. The action (C2) leads to the extra no-ghost condition A 33 ≥ 0, which implies K ≥ 0. Although classically the equation of motion for V 3 depends on the evolution of V 1 and V 2 , its kinetic term should be positive in order to have a sensible spectrum for the modes at the quantum level.
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